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Here M, (R), M, (C) denote n x n real and complex matrices respectively. The stan-
dard inner product is considered unless specified otherwise.

(1) Fix n € N and take S = {1,2,...,n}. For any permutation o of S, let ¢(o)
denote the signature of 0. Show that ¢(7 o o) = ¢(7).€(0) for any two permu-
tations o, 7 of S. [15]

(2) Let B € M, (C) for some n € N. Show that

det(B*) = det(B).
[15]
(3) Let A € M,(R). Let u,v be two vectors in R"” and let d € R with d # 0. Let
P € M,1(R) be defined by

A wu
pola].

(Here v’ is the row vector got by taking the transpose of v.). Show that
1
det(P) = ddet(A — Zluv’).

[15]
(4) State and prove Cauchy-Schwarz inequality (including the condition for equal-
ity) for inner product spaces. [15]
(5) Fix d > 2 and let V be an inner product space over C with an ortho-normal
basis B = {vy,...,v4}. Suppose U is a linear map on V satisfying
o OJj’Uj_H lf1§]<d,
U”ﬂ_{ o ifj=d

where w = e°@. (So w is a d-th root of unity.) (i) Show that U is a unitary.
(ii) Compute the determinant of U. (Hint: First write down the matrix of U.)
1]

(6) Let
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considered as a linear map on C3. (i) Compute the matrix of the projection
onto the range of D. (ii) Compute the matrix of the projection onto the kernel
of D. [15]

(7) Fix n € N. Let ay,as,...,a, be some real numbers. Define A € M,(R) by
A= [aij]lgi,jgn where

aij:5ij+ai+aj, 1§2,]§n

(0;j =11if i = j and 9;; = 0 if 7 # j.). Compute the characteristic polynomial
of A. [Caution: The value of n matters in these computations.] [15]



